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Elastic fields of disclinations seen as interfacial
defects
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Outline

* Continuous theory of disclinations: tield equations
* Spectral-based approach and applications

 Disclination mechanics within a couple stress theory
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Continuous theory of disclinations: field equations
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Kinematics of disclinations

® Discontinuity of rotation along a closed
circuit C (and surface S inside it): Frank’”

Ve Cto r Q V. Volterra, Ann. Sci. Ec. Norm. Sup. IIT 24, 401 (1907)
[w] -Q= [«,-dx= [curl -ndS= [8-ndS Anthony (1970), DeWit (1970, 1973)
e e Kossecka and DeWit (1977)
C S S Fressengeas et al. (2011)
b=f(8e -K, xx)-dx=f(0t—9xx)-nds
C S

® Incompatibility of elastic curvature K.: 6 = curlk,
with diva+2é=0

® Incompatibility of elastic strain €,: curle, +#(x ) -k = a

® Elastic rotation tensor is multi-valued
(undefined)
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Elasto-static fields equations for defects in
heterogeneous materials

* Stokes-Helmholtz decomposition Field Disclination Mechanics

Kk =+ +x” and
(4 (4 (4

g =g~ +¢
(] (] (]

Berbenni and Taupin (2018)

 Poisson-type equation for incompatible elastic fields

Ak, =-curl 6

Ag; =—curl (oc - tr(Ki‘)I + Ke“)

« Lippmann-Schwinger integral equation for compatible elastic strain

e:1(x) = (&), - [ T, (x—x)7, (x)dV’

LABORATOIRE D'ETUDE DES MICROSTRUC
ETOE MECANIOUE
DES MATERTAUX

with =

Tl el
tij - Tij + 6Cij1<181<1

1 e,L
Tij - Cijklskl
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* Spectral-based approach and applications
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Spectral approach of elasto-static field equations

« Incompatible fields: Field Dislocation and Disclination Mechanics

kyH(8)= ézk(eﬂd ((®)  VE=0
< ~ol Berbenni and Taupin (2018)
K 0)=
£ ©=5 Le a8 (B)+ Ry (B)-8,R2(B)) VE=0
2 (0) =
« Lippmann-Schwinger-type equation with incompatibilities:
zell (2 - _TO(%) -
8?".’”(x)=(£e’”)..—f L (x-x)t (x)dv' = {8 &) =-I"(§):t(§) VE=0
? voJvo zell el
£(0) = (&)
~ -1
G’ C VE=0
1Jk1(§)__(G0 (®EE+G’ (B)EE +G(BEE +G (BEE, ) ] (5) 5 (E 3 ) e
G,)-0

« Iterative scheme to solve Lippmann-Schwinger equation using FFT
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FFT-based algorithm

Initialization (0,0 being known )

a< FFT(a)
~e,l
2: Solve Ist P01sson s equation to obtain K

R (8) = E_g ((€,:0,(®)  VE=0

1. @< FFT(0)

~e,l
3:  Solve 2nd Poisson’s equation to obtain €

6 ©= e (MO ©-8,5, )

VE=0 £(0)=

~e,L

4 g <—FFT (¢ )

T« C:et 12

el (ey=C" : T
T < C:¢e'+T"

13:

. el
Iteration n+1: (T and €

_ Idiv(Ty) 2 _

being known)

8: Ta=FFI(T,)

9: Convergence test (stress equilibrium):

I§. Tn(-‘;')llz
T, (0))

(T,)] =€

% () < Tu(®)-(C: 7' (2))

e (E) — —T" (E): ta(E)  VE=0

~e,|l

€ns1(0) < (e°)

el < FFT- (8n+1(§))

n+1

T, eCe + T
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Application to wedge disclination dipoles:
x, Stress components with a circular inhomogeneity

25} | |[—PcBSq 25} — ' [ —PcBS,
o | | o W /iy =011
| | 40 iterations | |
1.5¢ ! R 1.5¢ ; !
1| | | " i i :
I . | 5 | |
o 05} | 1 g o8 | kir\
o | i =0 i | -
Tu=1MPa ., i | _0.5\/ir\ |
1 i — At i i
X, foas ;
2| a L ~ 2| N -
Rotation discontinuity (wedge disclination " = 3 * ' 7@ = 5 ¢ @
dipole, Frank pseudo-vector:=w =+5/6rad ) _ | S
250} i {|—FcBs 250} /u. =10 || =B
Disclination densities (on 1 pixel) a0 i i po0l Hy oM i
(dipole at x2-+a): @, (x) =+0/d> ol | o 149 1teirat10ns
Mesh: 1024 x1024 pixels 2 | | . | | '
Pixel size:  § =8, =8 =0.44b 2 RN N
- 0 h -0 T ]
Inclusion radius: R =808 " o e . o I
u, =2.3001x10°MPa; v, =v, = 0.3647 o0) [
Wy, -150} i i 1 -150} i i
W, =0.505(u,, +u,); D= 21— 200} B B ] -200} ,i L ]
Y4 V6M ) -100 -50 0 50 100 -100 -50 0 50 100
Convergence criteria:  €=10" Xyl X, /o
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Application to nanotwin modeled as wedge
disclination quadrupole

Squared inclusion Rectangular inclusion size:

Mesh: 1024 x 1024 pixels
Pixel size: 0,=90,=0=0.44b

Convergence criteria:  €=107

Imposed loading; Ti =IMPa

Linear elastic properties:

=2.3001x10°MPa; v, =v =0.3647
Y MVl theta33 (rad/m?)
~2.6306+19
w, =0.505(u,, +u ); D=— M ;
ZE(I—VM)

—1.315e+19
Disclination quadrupole densities (on 4 pixels) [

(dipole at x,-+d/2 and at x;=+c/2): 8, (X) =+@/ &

0

Rotation discontinuity (wedge disclination
quadrupole, Frank vector: +w =+5/6yad

||||IE|||I:!
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Stresses: squared wedge disclination quadrup

u,/u, =1 (1iteration) w, /u, =0.1 (41 iterations) w, /u,, =10 (59 iterations)

~-4.520e+00

sig12
- 1.980e+00

= 1.3753
[to 7705

M 0.16575

Z-4.390e0
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Stresses: rectangular wedge disclination quadrupole

w /u, =1 (1iteration

sigll
1.500e+01

7.5
0]

-7.5

J\I|KII1|!I|IIIII

-1.500e+01

u, /w,, =0.1 (45 iterations)

sigl1 L e[
-9.940e+00 y 3.750e+00

-497

:
:
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Application to Grain boundaries (GB): Modeling of
HAGB using the disclination structural unit model

2 2
qT; L., = D,, cos (9 _20m>
N C ‘ L
i — i
L,, = D,, cos <0n 0)
2 B ILm
L.

H=Lm+tLln 4,_ 4+, —0,)==+16.26°
229 (520)[001] 46.40°

Disclinations are linear rotational defects.

’ -

@ Exist only in a screened state by configuring straight disclinations
in dipoles or other multipole configurations.

Decomposing GB into a contiguous and alternating sequence of special Structural units:

. . . 0, = 0°
(favored) m majority and n minority structural units. o, = 36.87°
Boundary is represented in the form of a complex wall of disclinations  ©¢ = 53.13°
combined into dipoles associated with the minority structural units.  ©p = 90°
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Stresses and strains for a symmetric tilt [001] GB

Application (stresses):
[AAAB.AAAB]

NS Example: Al [001]
I 41(5 40)

| ©=12.68° (54 0)
Period: a[-4 5 0]
a=4.0495A

DSU model (Nazarov-
Romanov 1989):

-0

{-0.055708

i-].]]Se-O]

FFT: 10241024

w = 36.87°
Ax=Ay = H/64
» y=H/ D, = av2/2
T]22‘125e~02 DB =aV5/2
S L, = 0.5D,c05((0-0,)/2)
» S |, = 0.5D;cos((0B-0)/2)
§-0.010c>27 M=3 HRTEM
K : E_z se N=1 Rajabzadeh et al.
ARIAaaal] H = M(2LA)+N(2LB)  Acta Mater (2014)

n=26GPa; v=0.35 )
D=/ (2r(1v) 633(x)=:w/6
= T\1-V
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Comparisons with HR-TEM measurements

FFT simulation: 1024x1024
Ax=Ay = H/64 6., (x)=:w/62

e22
-1.313e-03  -0.00066 0 0.00066 1.313e-03

|I|l|l|l|l|l|l|l|l|l|l||||I||I|Il“
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Disclination density for FFDM-FFT

W = Wy = eggds

S
2
W r
033 = + exp | ——=
2mo? 202
O35 =0 if r>d
45 N g 20
4 Tpsum |k l8 " . L 8
)
a 0.2A 266 gL, . )|
e 5 (-
< o S = - 5
> — ~ o= 0
8 L . 7= -5
@ J \ -
0 2 -8 ~ i ii P -15
-20 x (A) 20 e ) . 0. .
g=0.15A -20 X (/o\) 20

Wazne et al. Mechanics Research Communications (2025)
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Comparisons between atomistic and anisotropic
FFT simulations (Ag)

Atomistics DSUM

? 29 (520)[001] 46.40°

1024x1024 pixels

Wazne et al. Mechanics
Research Communications
(2025)

Y(A)

A = 3.21 (Zener ratio)
Ag : FCC

-

0 5 10 15 20 25 30 35 5 10 15 20 25 30 35

x(A)
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Comparisons between atomistic and anisotropic
FFT simulations (Ag)

- Atomistics
-=DSUM

y (A)

Wazne et al. Mechanics
Research Communications
(2025)

\ 5 10 15 20 25 30 35
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Applications to dislocation/disclination defects:
Pond and Hirth’s disconnection

hLl’

positive wedge disclination

dislocation

UNIVERSITE

Burgers circuit to define the
equivalent Burgers vector

of the disconnection
Hirth et al. (2006)

Continuum defect mechanics
description of the
disconnection
defect
1 disclination dipole
+ 1 dislocation

Pixel size: 9, =0, =0=0.44b

0,,(x)=20/8" witho=m/4

a=a, = 0.3615nm

a13(x) = a-cos(%)/&2

a23(x) = a-sin(%)/&2
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Predicted stress field by FFT

Mesh: 512x512 pixels —f_

sigl 1

:7.]709—01
;0.3585
l:o Isotropic elastic
constants for
3 Copper:
E-,=130GPa
VCU=O'34

sig12
-3.140e-01

Elastic energy / pixel :
E,=12.3 (MJ/m3)

1\||\|!|\|IF1| |

-3.140e-01
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Disclination mechanics within a couple stress theory
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Constitutive relationships related to couple
stress theory (Mindlin-Tiersten)

® Couple stress theory (Mindlin-Tiersten, 1962) with centrosymmmetry

1 1

2 2

U="¢€:C:e+-k":A:K’

® Isotropic centro-symmetric materials (4 material’s elastic constants):

Cijki = M40k + o (051051 + 05%0:1)
Aijrr = A10i051 — A20,104

!

sym __ e __ e e
sz = Cijki€g = A€gx0ij + 2#%‘

D __ 7. eD __ eD eD

with m;; : couple stress tensor
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Equilibrium equations

® Linear and angular balance momentum equations (without body forces
and couples) (see: Mindlin-Tiersten)

divT =0in V,
divm? - X:T=0inV

® Reduction to a single equilibrium equation (Mindlin-Tiersten)

1
div T®Y™ icurl (div mD) =0inV

1

div C: €| + ;curl (div (A:&2))+£5 =0

with f+ =div C: el + %curl (div (A : wa’L))

® Indicial equilibrium equation form (homogeneous isotropic elasticity)

1 1
0 0 eD,l
Cijklwk,lj + Zeiklep’f‘SAlmpqwsaTqu + ngklekl J + e'&k‘lAlmpq pq,mk 0
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Fourier transform formulation

® Fourier transform (F.T.) of incompatible fields (Poisson’s PDE)

R (E) = Eia (c,8,®) VE=0
%20 =

(1)1 pp

~?1$ (€)= E_ Ciu (a(l)l(g) + ~f(1i) (§)-0,. K> l(E)) VE=0

£ (0) =

® Resolution of a generalized Navier type- PDE in Fourier space (up to 4th
order derivatives)

1

ZeikzeprsA?mqurqumfk@s(5) ICOszyekz &)+

1

2 ezklAlmpqgmg ~€D + (6)

Ciin&iliWe(€)—
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Fourier transform formulation (cont’d)

® Solution displacement field in Fourier space w(&) (compatible part):

@i(€) = Gin(€) fir (€)
. 1 e

with fz'L(E) gszyekl (&) + szzAlmqumﬁk DL(&)

® Non local Green function in Fourier space (size dependent solution):
~ 1 1
Gi(0) =0 ~

[ Ti(8) = kazekl(ﬁ) VE #0

® (Internal) stress and couple stress fields: | .
N . ) T:;(0) =0
€ij (6) = 5 (gjwi( )"‘&wj(é)) ‘ ] fm/zljj(g) _ A?gklEZ?(g) Ve 7& 0

R () =

LE |T| E
@ O

——ezszgfk’wz (&)

—

m;;(0) =0

L]
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Straight disclinations:
defect line along the x;-axis

- Elastic rotation discontinuity (classic wedge w = wg = / O33dS
disclination and dipoles) S

2
033 = + d Sexp (—T—2)

[95] = 9%, - 9% =w ama 20
933 =0 ifr Z d

- Material length scale parameter: A; = ub?
» For wedge disclination, A, vanishes

Copper
4.92e+20
Bl ¢ = 0.17
26420
I?2e+20 b = 025563nm
PEVIE 1 = 47800MPa
-4.926+20

r0=0.5b

v = 0.34
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Elastic curvatures of a single centered wedge
disclination (comparisons with analytical results)

9 (a) 9 (b)
2x10 | | 2x10 |
1.5¢ . 1.5¢
1t . 1" '
0.5 1 __ 05
S S
s 0 s 0
o & o ™
AV AV
-0.5" . -0.5/
—1r —1
~1.5¢ -1.5
'—%o -5 ? 5 10 '—%o -5 ? 5 10
X, nm) X, nm)
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Non-zero couple stress contours for a single
centered wedge disclination

M31
Couple stresses mD31/ M 1225737

10

0
10
1225737

M32
12.81803

mD32/(D 10

0

-10
-12.81803
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Stress comparisons with analytical solutions: Wedge
disclination dipole (isotropic elasticity)
a = b/(2[%]) _

5
4r Tll/D(D I 4 le/D(D
7 9 7 9
S Q 5
~~ ~
S 4 S 4
(4v] (4y]
- (aV|
5 % $
E=l Est
Q Q
~ 2r ~ -2r
- N
=l =l |
w = [Q5] and D = p/ (2w (1 — v))
—4f . —4F
5 5 5 5

X2 ?nm) X-| ?nm)
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Couple stress comparisons with analytical
solutions: Wedge disclination dipole

e (a) a = b/ (2[[9?1]])3)(10_10 (b)
| mD32/H(D | mD31/M(D

. Al

) — |

1t
05 M ]
0 0

Myl ©) (m)
Mg/ ©) (m)

-0.5¢ W .
-1t

-1
-2

1.5
2 5 G

X ?nm)
2

X ?nm)
1
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Couple stress contours : Wedge disclination dipole

Stresses Couple stresses mD31/(D

M31
14.01762

mD32/(D
M32
12.62241
10
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Application: Grain Boundaries (GBs)

. . . . o p * p
° ° ° ° ° e ] | ]
< < ° ° ° ° ® . L J
e . ® » L L L4 L4
. . . . . . o .
Ly @ ¢ ¥ O oA
- Lgp
A A B A B A B A
3 ’ )
\ ) H 1Ly +3Lg ’
H AABABAB.AABABAB
W Example: Cu [001] 2149(10 7 0)
] e=20.02°
2Ly N\j—w

dA=0.25287nm
dB=0.38344nm

w=0.6435 rad. (=36.87°)
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Stress and couple stress contours for a GB

Stresses T, Do PCoU ple stresses

111
25.12151

20
10

0
'-10
20

-25.12151

T,»/Dw

T12
3.207157

UNIVERSITE . . :
DELORRAINE Fondements Théoriques de la Plasticité - Quiberon 14-19 sept. 2026




References

UNIVERSITE

Ei‘sZE?éé?‘@ @ DE LORRAINE Fondements Théoriques de |a Plasticité - Quiberon 14-19 sept. 2026



References I

* Anthony, K. H., 1970. Die Theorie der Disklinationen. Archive for Rational Mechanics
Analysis 39, 43-88.

* Berbenni, S., Taupin, V., Fressengeas, C. and Capolungo, L., 2016. A fast Fourie transform-
based approach for generalized disclination mechanics within a couple stress theory,”
Generalized Continua as Models for Classical and Advanced Materials, Advanced
Structured Materials, eds. H. Altenbach and S. Forest (Springer International Publishing,
Switzerland), pp. 47-75

* Berbenni, S., Taupin, V., 2018. Fast Fourier transform-based micromechanics of interfacial
line defects in crystalline materials, J. Micromech. Mol. Phys. 1840007

 DeWit, R., 1970, Linear theory of static disclinations,” in Fundamental Aspects of
Dislocation Theory, eds. J. A. Simmons, R. de Wit, R. Bullough, NBS Special Publication
317, Vol. 1, (National Bureau of Standards, Washington, DC), pp. 651-680

 DeWit, R., 1973. Theory of disclinations: Il. Continuous and Discrete Disclinations in
Anisotropic Elasticity, J. Res. Nat. Bur. Standards, A. Phys. and Chem. 77A(1), 49-100

* Fressengeas, C., Taupin, V. and Capolungo, L., 2011. An elasto-plastic theory of dislocation
and disclination fields,” International Journal of Solids and Structures 48, 3499-3509

* Kossecka, E. and DeWit, R., 1977. Disclination dynamics, Arch. Mechanics 29,749-767

e Li,J.C. M., 1972. Disclination model of high angle grain boundaries. Surf. Sci. 31, 12-26.

* Hirth, J. P.,, Pond, R. C. and Lothe, J., 2006. Disconnections in tilt walls, Acta Mater. 54,
4237-4245.

I—E |T| 5 UNIVERSITE
DE LORRAINE Fondements Théoriques de la Plasticité - Quiberon 14-19 sept. 2026



References 11

 Gertsman, V. Y., Nazarov, A. A., Romanov, A. E., Valiev, R. Z. and Vladimirov, V. I., 1989.
Disclination-structural unit model of grain boundaries, Philos. Mag. A 59(5), 1113-1118

* Mindlin, R.D., Tiersten, H.F., 1962. Effects of couple-stresses in linear elasticity. Arch.
Rat. Mech. Anal. 11, 415-488

* Mullner, P. and King, A. H.,2016. Deformation of hierarchically twinned martensite, Acta
Materialia 58, 5242-5261.

* Rajabzadeh, A., Mompiou, F., Lartigue-Korinek, S., Combe, N. and Legros, M., 2014. The
role of disconnections in deformation-coupled grain boundary migration, Acta Mater.
77,223-235

* Romanoy, A. E. and Kolesnikova, A. L., 2009. Application of disclination concept to solid
structures, Progress in Materials Science 54(6), 740-769.

« Romanoy, A. E. and Vladimiroy, V., 1992. Disclinations in crystalline solids (chap. 47), in
Dislocations in Solids (Vol. 9) (Elsevier Science Publishers, B.V.), pp. 191-402.

e Upadhyay, M. V., Capolungo, L., Taupin, V. and Fressengeas, C., 2011. Grain boundary
and triple junction energies in crystalline media: A disclination based approach,
International Journal of Solids and Structures 48(22), 3176-3193

 Wazne, A., Petrazoller, J., Guénolé, J., Richeton, T., Berbenni, S., 2025. FFT-based
disclination mechanics for high angle grain boundaries and comparisons with atomistic
simulations. Mechanics Research Communications 149, 104529

I—E |T| 5 UNIVERSITE
DE LORRAINE Fondements Théoriques de la Plasticité - Quiberon 14-19 sept. 2026



