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@ Lattice incompatibility and Burgers vector

@ Continuum dislocation density tensor (finite strains, small
deformation)

© Kroner's stress function "ansatz” for elastic field calculations
calculations

@ Static FDM method

© Dislocation density transport equation and constitutive
equations of evolutive FDM and MFDM

@ Examples of case studies in class
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Lattice incompatibility
and Burgers vector
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Lattice incompatibility
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Plastic strain gradients and heterogeneities

Geometrically Necessary Dislocations
(GND) (Ashby, 1970)

MATRX —PLATES

Measure of GNDs from EBSD
«  Allain-Bonasso et al. (2012)
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Lattice incompatibility
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Notations

@ In this lecture, we shall use Cartesian (rectangular) coordinates
for the presentation of the linear elasticity theory for defects

@ A bold symbol denotes a tensor or a vector. Explicit indicial
notations using Einstein’s summation convention will be used.

@ For example: the tensor A - B, with rectangular Cartesian
components A;; By, results from the dot product of tensors A and
B, and A ® B is their tensorial product, with components A;; By;.
The vector A -V, with rectangular Cartesian components A;;V},
results from the dot product of tensor A and vector V. A "
represents the trace inner product of the two second order tensors
A : B = A;;B;j, in rectangular Cartesian components, or the
product of a higher order tensor with a second order tensor, e.g.,
A:B = A By

@ The cross product of a second-order tensor A and a vector V, the
div and curl operations for second-order tensors are defined row by
row, in analogy with the vectorial case
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Notations

@ For any base vector e; of the reference frame:
(AxV).e; = (Al -e)xV
(div A)' - e; div(A’-e;)
(curl A)'-e; = curl(A’-e;).
@ In rectangular Cartesian components:
(AX V)i = ejmdirVi
(divA), = A
(curlA);; = (VX A)yy = ejudik
where e is a component of the third-order alternating Levi-Civita
tensor and the spatial derivative with respect to a Cartesian
coordinate is indicated by a comma followed by the component

index. I is the second-order unitary tensor with components the
Kronecker delta d;;.

@ For any vector or tensor a, a(€) denotes the Fourier transform (or
FFT) of a(x), where & denotes the position vector in real space and
& denotes the associated Fourier vector.
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Lattice incompatibility
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Large deformation kinematics

Reference configuration

(R Reference position
OM,=X=X &, of particle X

(2}
Current or Deformed configuration

e € Y - . .
1 2 Position at time t of particle X

@ Let (R) be the reference configuration (or initial configuration) of a compact,
perfect crystal free of all constraints, and (C) its final (or deformed)
configuration, which is compact and continuous.

@ The deformed configuration (C) is obtained by applying a continuous,
differentiable transformation x = x(X,t) with

Deformation gradient tensor F to the reference configuration (R):

ox
dx=F -dX = — X 1
* X 1)

where the vector X represents the position in the reference configuration (R) of
a point (particle) x in the final configuration (C).
@ The displacement field u is defined by: u = x — X and F can write:
F=I+grad u=1+ U (Iis the unit tensor) 7/56



Lattice incompatibility
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Lattice incompatibility
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The tensor F can be decomposed into a plastic component FP and an elastic

component F¢ (see Kroner (1959); Lee and Liu (1967); Mandel (1972, 1973)):

F = F°.F? 2)

@ FP represents the plastic component of F. When applied to the reference
configuration (R), it leads to a dislocated intermediate configuration (I) in
which the Burgers vector b is introduced as a discontinuity.

@ F© represents the elastic component of F that acts on the intermediate
configuration (1) to produce the deformed configuration (C). When applied to
configuration (1), F¢ restores displacement continuity in configuration (C).

@ Conversely, the inverse elastic transformation F¢~ applied to configuration (C)
leads to configuration (l), where displacement is discontinuous. F¢ therefore
represents an elastic incompatibility that compensates for FP = FP, F€ are
generally not gradient tensors, unlike F. 8/56



Dislocation density tensor
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Dislocation density
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Continuous dislocation density tensor
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@ Consider the example of a crystal containing a screw dislocation. The closed
curve C surrounding the dislocation (represented by the dotted dislocation line)
in the deformed configuration (C) represents the Burgers circuit (see Frank
(1950) 's definition of Burgers circuit).

@ Curve C is conventionally oriented in the direction given by Maxwell’s right-hand
rule (RH). In the deformed configuration (C), S and F coincide. By applying the
inverse elastic distortion F¢~! to (C), the points F and S become the distinct
points F' and S’ in the intermediate dislocated configuration (1).

@ The gap in the closed circuit C, denoted b and defined according to the
“Finish-Start” (FS) convention, is called the true Burgers vector.

Integrating F¢~! along the curve C, from S’ to F’, b is defined as:

F’s’:b:—?{Fe—l.dx. (3)



Dislocation density
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Compatibility vs. Lattice Incompatibility

@ If b is zero, Felis the gradient of a vector field, which defines a
compatible field:

7{}?@‘1 dx =0 (4)

@ According to this last equation, the necessary and sufficient
condition for F¢~! to be compatible is written in the following form:

curl(F¢™h =0 (5)

@ On the other hand, when curl(Fe_l) #0, F_ ! is incompatible,
and Eq. (6) is the integral incompatibility equation.

@ The continuous dislocation density associated with the elastic
transformation F¢~! is the Nye dislocation density tensor Nye
(1953) ., also known as the excess or polarized dislocation density,

or geometrically necessary dislocation density (GNDs), see also
Kroner (1958, 1981), Bilby et al. (1955), Ashby (1970).
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Dislocation density
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Continuous dislocation density tensor
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@ When b is nonzero, F¢~1 is not the gradient of a vector field, which implies
lattice incompatibility in the sense that, at a point on the curve C, the lattice
displacement takes on distinct values (multi-valued problem)

@ If S is a smooth surface, with n its unit normal, in the current configuration (C)
and bounded by the closed line C, the true Burgers vector b is defined as:

b:—?{ Fe_l~dx:—/curl(Fe_l)-ndS:/a-ndS (6)
C S

S
according to Stokes’ theorem, which defines:

The true dislocation density tensor (or Nye tensor) a:

a=—curl(F¢~1) = —ejki ) pei ®ej @)
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Dislocation density
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Conservation law for the Nye tensor

e From Eq. (7), we have the following mathematical property
(from the div of the curl):

div (curl(F¢ 1)) =0 (8)

Therefore, a conservation law follows for o:

diva =0« Qg5 = 0 (9)

@ This equation reflects the condition for the closure of a
dislocation line in the region occupied by a crystal. In other
words, it means that dislocations cannot end inside the
medium.
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Physical meaning of the dislocation density tensor:
screw/edge dislocations

Following Eq. (6), the Burgers vector is given by:

b—/sa-ndS (10)

@ Then, « can also be written in the following form for a set of dislocations
crossing a surface denoted by AS (which is not necessarily unit one):
a =B ®uv, or, in index notation: a;; = B;v;, where B; = Be; and B = E
with n being the number of dislocations of norm b and Burgers vector b along
the direction e;, crossing the unit normal surface to v in the direction e;:

— nb . .

a = zs€; Kej.

@ By definition, «;; is a non-symmetric tensor with 9 independent components.

@ The diagonal terms represent screw dislocations, since the line vector and the
Burgers vector are parallel. The off-diagonal terms represent edge dislocations:
the two vectors are orthogonal. There are therefore six types of edge
dislocations and three types of screw dislocations.

@ In terms of units, the components of c;; are expressed in m of Burgers vectors
per m? of surface area, i.e. in m~—L.
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Dislocation density
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Small deformation assumption

@ In a small deformation setting:
F=F FP=14+U~I+U°4+TU"? (11)

where Fe ~ T+ U¢ FP ~1+ UP and F¢ ! ~ T — U".

@ Small deformation partition of total distortion into elastic distortion
U* and plastic distortion UP):

U =grad u=U°+U” (12)

The dislocation density tensor « reads:

_ — _ _ P
a = curl(U®) = €;uUj; ye;®e;j or a = —curl(UP) = —e;Uj; 1 e;®e€;

(13)
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Small strains and rotations

@ In small deformation, the total distortion tensor decomposes into
small strain tensor € and small rotation tensor w:

U=gradu=e¢+w
1
=3 (grad u+ (grad u)”) < € = def(u) (14)

w= % (grad u — (grad u)”)

@ Total strain/ rotation partitions into elastic strain (°)/ elastic
rotation ((w®)) and plastic strain (e?)/ plastic rotation ((w?)):

e=¢e’+¢€’
e (15)
w=w’+wP
@ Thus, the dislocation density tensor o can be decomposed as:
o = curl(e®) + curl(w®) = (ejueh + juwl e ©e;  (16)
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Dislocation density
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Kroner and Nye equations for lattice curvatures

Introducing the axial lattice rotation vector (see Kroner, 1981):

Q° = —enuwsem, with w$ = ey, Q5,, in Eq. (16) yields (in component

2
form):

e
m?

Qij = emil€;kihn & + €5kIET &
aij = (0mj0ik — Omrdiz) U, o + €5kl (17)

— e L. e . €
o =55 — 0350 | + €jkiET

@ Setting ¢ = 0 (no elastic strain) and introducing the Nye's lattice curvature
tensor K, such that k;; = Q; I’

Nye (1953)’s equations relating curvature and dislocation density are

obtained:

1
i = Kj; — 0ijRkk and Kij = o — 55ijakk (18)

where the Nye's lattice curvature tensor k (Nye, 1953) is also known as the
contortion tensor (see Kréner, 1981). The first of the last equations is today
commonly used in EBSD to experimentally determine the components of a;;

(see e.g. Pantleon, 2008).
17/56



Measure of Nye tensor from EBSD experimental method
and GND densities

@ Nye's (1953) equation used
for 2D EBSD:
aij = Kji — 0ijhkk
Pantleon (2008)

00, Ab;
Kr1 = 6_xl ~ EI
di2 = Ka1

%13 = K31

021 = K12

023 = K32

033 = —Ki1 — K22

@ Geometrically Necessary
Dislocation density pgnD
(metallurgist view, in m~2)
Habibaali et al. (2026) with

Nye,2D
PlcND
2 2 2 2 2
—y/ajg tajs + a5, +az; +a
0.5 1 15 2x10t b \/ 12 t @iz taj Tajz+ag

GND density [m™] 18 /56



Dislocation density
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Kroner's incom pat|b|||ty tensor (inspired by analogy with magnetostatics)

Total strain compatibility:

Inc(s) =0« —Cikm€jinEmn,kl = 0 (19)
with Inc(e) := —curl (curle)”

@ But elastic/plastic strain incompatibility: Inc(e®) = —Inc(e”) # 0

Kroner's incompatibility tensor #:

Inc(e®) =N & —€ikm€jinEmn,kl = Nij (20)

Using Eq. (13), the following relationship between 1 and a holds:

1
n = —(curla)™™ & n;; = ~3 (eik1auj i + €jriui k) (21)

with divergence free property for 7:

Kroner's incompatibility tensor 7:

diV(T]) =0« Nij,j = 0 (22) i



Differential geometric point of view (from Kréner, 1981)

@ Frank (1951) defined the dislocation Burgers vector through the Burgers circuit
A'B'C'D'E’ (see previous definition): the Burgers vector is defined as the
closure defect: b = A’E’ (see figure (a) below with FS/RH rule).

@ Let us now express the closure defect AE (see figure (b) below) with the help
of the affine connection Fzﬂ used in differential geometry (assuming Bravais
crystal), which describes the change of a vector v" under parallel displacement.

@ Using figure (b), Cartan (1922) transports a vector CD along the path CB
(from C to B), and then a vector CB along the path CD (from C to D).

@ Considering the infinitesimal length vectors CD = d1x(C), BA = d1x(B),
CB = d2x(C) and DE = d2x(D),

@ Law of parallel displacement (transport) of d1x(C) along d2x(C):
d1z"(B) = d12"(C) — T* ,d12!(C)d2a™(C)

@ Law of parallel displacement (transport) of d2x(C') along d1x(C) :
doz"(D) = doz"(C) — TP doz!(C)d12™(C)

ml

(a). L] |- ,’bJ
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|dentification of dislocation density with Cartan torsion

@ Then the closure defect AE is given by:
AE" = d12"(C) + daa™ (D) — doa™(C) — d1z"(B) = —T? ds™  (23)

where dS™ = emlndS,, is an anti-symmetric surface tensor, which describes
the area element enclosed by the four vectors (with ™" the contravariant
Levi-Civita tensor and dS,, the classic axial surface vector such that

1
dSn = Qenmldsml)

@ Taking the anti-symmetric part of anl is sufficient since dS™! is anti-symmetric.

the The Cartan’s third order torsion tensor denoted T is defined as:

1
Thy = Thuy = 5 (Tht — Th) (24)

ml

@ By expressing an infinitesimal Burgers vector db® (infinitesimal closure defect)
with previously introduced 2nd order dislocation density tensor o (Krdner's
definition convention) as: AE* = db* = a™*dS, = af ;dS™ with

1
k _ = nk nk _ _nml k
ay, = 2enmla (or a™® =em™ar ).

= The identity between third order dislocation density tensor a f‘;ﬂ and Cartan’s
torsion tensorT® -1 1S then given by:




Kroner's stress function method
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Stress function method
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Kroner's stress function Ansatz

Kroner's incompatibility tensor 7:

Inc(e®) =n (26)

Second order stress function tensor x:

o = Inc(x) (27)

Using generalized Hooke's law €° = s : o with elastic compliance tensor s

and Eq. (20) yields:

Inc[s: Inc(x)] =7 (28)

@ Since div curl = 0, the balance of linear momentum is
automatically satisfied: diveo = 0.
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Application to isotropic elasticity

@ For isotropic elasticity, Kroner (1958) introduced an auxiliary stress
potential tensor x’ such that:

— 1 . v O
Xij - 2“ le 1—|—21/ka ij

! (20)
Xij = 24 (ng + HX%k‘Sij)

In this specific case, the stress potential x’ satisfies:

Vix' =n with divx’ =0 (30)

The general solution of Eq. (35) for x/ yields:

1
¥ =g [ Ix=xng(x) V" (31)
A%

where —S—\X — x| is the Green's function (infinite medium) for inhomogeneous
s

bipotential equation V4x’ = 7. Note: V4|x — x/| = —87§(x — x/).
24 /56



Stress function method
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Application to plane problems - Edge / screw dislocations

@ Let us consider a plane problem with straight edge and screw
dislocations extended along the z3-direction (v = e with non zero
dislocation densities: aq3(21,22) (edge dislocation) with b = bey),
and ags(x, z2) (screw type with b = beg), respectively. Then, Eq.
(21) yields the non-zero components of 0: 133 = ay3,2 for edge

dislocation, 113 = 131 = —a33,2/2 and 193 = N30 = 33,1/2.
@ Solutions for edge-type dislocation are obtained from:
1
Vo) =~ [Ix = Xfana (x) v (32)
v

@ Solutions for screw-type dislocation are obtained from:
1
Xi3(x) = 16m /\X — x'|agz 2 (x) AV’
v

1
X/23(X) = " 16m /|X - X/|0¢33,1/(X/) av’ (33)
1%
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Stress function method
0000e

Solutions for single Volterra edge/ screw dislocations

@ For single straight Volterra edge and screw dislocations extended
along the x3-direction a13 = bd(x1)d(z2) (edge dislocation) and
asz = bd(x1)0(x2) (screw dislocation)

@ Solutions for edge dislocation given by Krdner (1958) (after
analytical integrations):

b W

/ 2 2

Xas = g (P7lnp)2 = X =X =) (p°lnp)2 (3)
011 = —X,22 7 022 = —X,11 5 012 = X,12

@ Solutions for screw dislocation given by Kroner (1958) (after
analytical integrations):

b b
Xis(1,22) = —7- ——(p°Inp)2 ; Xhs(w1,22) = % *Inp)

¢ =X132— X231 = —ng [(p°Inp) 11 + (p°lnp) 22] (35)

023 =—01;013=—¢2

where p? = 2% + 3.
26 /56



Static Field Dislocation Mechanics
method (Acharya et al.)



Elasto-static field equations

@ Consider a continuous crystal of volume V' and boundary S
containing an excess dislocation distribution represented by the
dislocation density tensor cx. The goal of this elastostatic problem is
to determine the internal stresses caused by the incompatibility of
the lattice associated with the presence of c.

@ A known stress vector field t¢ is applied at every point on a portion
S; of the boundary S of the volume V. The remaining portion .S,
of this surface is subjected at every point to an imposed
displacement u?, then:

u:ud

t=0-n=t (36)
where o is the Cauchy stress tensor.

@ The total distortion of the crystal lattice U = grad u (u being the
displacement vector) is assumed to be integrable (compatible). In
small deformation:

U=U°+U". (37)
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Static FDM
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Elasto-static field equations

@ The only prescribed data in the problem is the tensor a, which is
related to the elastic distortion of the lattice U® (see previous
Equation (13)).

@ Assuming generalized Hooke's linear elastic constitutive law for the
stress field, we obtain:

oc=C:U>¥" =C:e", (38)

where C is the elastic stiffness tensor, with:
Cijit = Cjint = Cijix = Criij. €° represents the elastic strain
tensor or the symmetric part of the elastic distortion tensor, and o
denotes the Cauchy stress tensor.
@ Stress equilibrium equation (without volume and inertia forces)
reads:
dive =0 inV. (39)

29/56



Static FDM
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Kinematics of static Field Dislocations Mechanics

@ Burgers vector b = [u] = ¢, U - dx (displacement discontinuity)
from Volterra (1907) and U¢ is the elastic (lattice) distortion.

Continuum-based dislocation mechanics (Kroner, 1958, 1981):

b:%Ue.dx:/curerondS:/a-ndS. (40)
i S s

Hence: a = curl U¢ with diva =0

@ Field Dislocation Mechanics (FDM) theory, see: Acharya (2001);
Roy and Acharya (2005); Acharya et al. (2019); Fressengeas (2017)

Stokes-Helmholtz decomposition:

U = Ut + Ul = curl ¢ + Vw, (41)

@ Uell belongs to the null-space of the curl operator since
curl Vw = 0, while U+ = curl 1) satisfies divUe®1 =0 and
Ut .-n=0onS.
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Plastic distortion field

@ According to Equation (37), the total strain of the crystal lattice is
defined as the sum of the elastic strain U® and the plastic strain UP.
The Stokes-Helmholtz decomposition applied to the tensor UP? is:

ur = urt +url, (42)
@ Based on Equations (41) and (42), the gradient vector of the
displacement becomes:
U= Vu=U"+urt 4yl url (43)

@ The incompatible parts U%* and UP-* must cancel out for U to be
a gradient tensor:

Ut +UP =0 = UPt=-U"t (44)

= This relation proves the statement that the incompatibility generated by the
plastic transformation is compensated by an elastic incompatibility:

U — Ue,” + UpﬂH — Up‘rH = VZ = Vu - VW (45)

=As shown later (evolutive FDM), compatible plastic strain arises from the
compatible slip of dislocations. At the initial state, since we do not know the
origin of the dislocation density, we generally set U?ll = 0. 31/56



Static FDM
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Poisson-type equation for U

Using the Stokes-Helmholtz unique decomposition:

a = curl U+ (46)

@ In component form, Equation (46) reads: «;; = ejklUﬁ’i
e From curl curl U%+= grad div U®' — div grad U+,

taking the curl of Equation (46) and using Equation (41)
leads to:

Poisson equation:

AUt = —curl o (47)

where A = V- V = V2 is the Laplace operator.
. €7J— J—
@ In component form, Eq.(47) reads: Uiipp = —€jki%ilk
@ FFT method: U%' and w are assumed to be periodic fields
(Berbenni et al., 2014; Bertin et al., 2015; Djaka et al., 2017; Berbenni et al.,
2020)
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Equilibrium equations

The elastostatic field equations (38), (39) and (41) can be formulated as

Navier-type partial differential equations in V:

div (C:Vw)+f+ =0 (48)

with fictive body force density f- = div C : U%' reflects the
lattice incompatibility arising from the presence of polarized
dislocations.

@ Boundary conditions on S for the solution of the Navier-type
equation are given by:

u=u? on S

C:Vw-n=t*-C:U%".n on S,. (49)

@ These equations form a static standard elasticity problem for the
unknown fields w, U®ll which can therefore be uniquely
determined. f is determined from solving the Poisson equation
(Eq. (47)), once the dislocation density a has been specified.
33/56



Equilibrium equations for isotropic homogeneous elastic
media with prescribed dislocation density distribution

@ In the special case of homogeneous anisotropic elasticity described
by the stiffness tensor C;;x:, Navier reduces to:

Cijriwi,j + CijklU;jl’j = 0. (50)

Furthermore, when considering isotropic elasticity, Eq. (50) takes the

form:
pw; gk + (X + ) Wi ki + )\U,f,’ii +p (U P U,fﬁk) =0 (51)

L
where Ufj’ is solved from Ufj op = —EGRIQL k-

@ These equations will be solved using a fast numerical resolution
method by FFT in the case of homogeneous elasticity and
heterogeneous heterogeneous elasticity (see Case studies).

@ In the following simple examples, we consider the equations for the
case of homogeneous isotropic elasticity (Eq. (51)) for straight

screw and edge dislocations (to compare with Krdner’'s method).
34/56



Static FDM
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Solutions for screw dislocation

52

b‘ e
;

@ Here, we consider a crystal with a reference frame (ey, €2, €3) that
is assumed to be infinite in the es direction (see Figure). This
crystal contains at its center a screw dislocation with line vector
v = ez and Burgers vector b = bes.

@ The only nonzero component of the dislocation density tensor « is
as3(x). For this dislocation density, Eq.(47) yields:

e, L e,l
U31,11 + U31,22 = —(33,2

Ue,L Ue,L _ (52)
32,11 + 32,22 — 33,1

where U;lil and U;&L are zero at the boundaries with normal vectors ny and
n3z for Ugel’l', and ns and ny4 for U§2"J' (Ue’L -n=20o0nS9). 35 /56



Static FDM
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Solutions for screw dislocation

@ In the case of a screw dislocation in a homogeneous, linearly elastic,
isotropic medium, the only stresses involved are o135 and o33. Since
the vector w(wy, wz), which is the solution to Equation (51), is
zero, only the incompatible part of the elastic deformation satisfies
the equilibrium equation (51). In this case, the stresses 013 and 023
are given by:

e, L
023 = 032 = uUs;
(53)
e, L
013 = 031 = uUs;

@ As an application, we can solve analytically the stresses by the
Fourier transform of a single screw dislocation using this method
(here as practical exercise on board).
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Solutions for edge dislocation

€,

52

@ Here, we consider a crystal with a reference frame (ey, €2, €3) that
is assumed to be infinite in the es direction (see Figure). This
crystal contains at its center an dislocation with line vector v = e3
and Burgers vector b = be;.

@ The only nonzero component of the dislocation density tensor « is
aq3(x). For this dislocation density, Eq.(47) yields:

U11 nt U11 22 = TQ13,2 (54)

U12 1t U1lé,22 = Q13,1

where Uleil and UféL are zero at the boundaries with normal vectors ny and
n3z for Ufl"l', and ns and ny4 for Uf;' (Ue’L -n=20o0nS9). 37/56



Solutions for edge dislocation

@ Assuming that the incompatible parts Uf;" and USy" are known, the
compatible parts can now be calculated in the case of homogeneous
isotropic behavior using Eq. (51). Thus, we obtain PDE that allow
us to calculate the unknown vector w(wy,ws) as in Acharya (2001):

(A +2p) wi a1 + pws ez + (A + p) wa,12 = — (A +20) Uiy — pUsss

pawa 11+ (A + 2p) wa 22 + (A + p) w12 = —MUféﬁ - )\Ufi,é
(55)
@ Once wy and ws are obtained, the four compatible elastic
distortions U, U5, US! and U are then derived from w 1,
w1 2, W2 1, and wa 2, respectively.
@ The (internal) stresses are given by:

on = (A +2) (U5 + Uf) + A5
o2 = A (U + UR) + (A + 20) Uy (56)
o = (Usi! + Ug! + Us*)
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FDM field equations
(Acharya et al.)
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Evolutive FDM
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Burgers vector flux

@ We follow Acharya (2001, 2003, 2004, 2011)

@ Set of n dislocations with line vector v and the same Burgers vector
b, such that the dislocation density tensor &« = B ® v with
B =nb/AS, the norm of B. These dislocations have an average
Ve|OCity vector V (at the adopted resolution scale w.r.t. crystallographic
lattice).

@ Suppose that these dislocations intersect a closed, oriented curve C,
entering it and thus crossing the surface S bounded by C. This
creates a Burgers vector flux f through the differential element dx
tangent to curve C' and the rate of Burgers vector through a surface
element dS =v xdxis: f-dx=B(V-dS) =B (V- (v xdx)) =
-B((rxV)-dx)=—-(BRv)xV. .dx

@ Using a permutation of the mixed product V - (v x dx) makes it
possible to extract dx and identify the flux tensor f:

f=—Br)xV=—axV (57)
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Evolutive FDM
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Plastic distortion rate tensor

@ Example of application of f = —(B ® v) x V: Consider a set of
edge dislocations with line vector v = e, Burgers vector B = Be,
and velocity vector V = Vseq in the Cartesian basis (e1, ez, e3),
crossing curve C' at a point where the tangent vector to C'is es.
Then, it can be checked that f-e; =f-e; =0; f-e3 = —Blse,

@ Integrated along curve C, the scalar quantity e; - f - e3 = —X—bSVg

reflects the flux of the Burgers vector across this curve.

The dislocation motion generates the plastic distortion rate tensor:

UP=—f=axV (58)

@ This is a tensorial generalization of Orowan’s law used in FDM.
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Compatible plastic distortion rate tensor
@ UP therefore receives an incompatible contribution from the
distribution of excess dislocations UP+ = U (see Eq. (44))
and a compatible contribution U?:ll deriving from dislocation

motion (based on the assumption that U? receives a compatible
contribution from the excess dislocation fluxes Acharya (2001)):

Ul = (ax V)l (59)
@ Using the Stokes—Helmholtz decomposition of UP:ll is defined as:
url = vy (60)

Thus, UPll satisfies the condition:
div UPl = div (a x V)
Url.n=div (a¢xV)-nonS

(61)

= The compatible plastic strain rate of the dislocations can be
determined unambiguously.
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Dislocation density transport equation (Burgers vector
conservation) - Small strains

@ Burgers vector conservation: time derivative of the net Burgers
vector in S is equal to the Burgers vector flux through C"

pr a ndS = /f dx, (62)

where n is the unit normal vector to the surface S.
@ According to Stokes' theorem, and considering that the surface S is
time—independent'

— a ndS = / dS:/curlf-ndS (63)
S

Dislocation density transport equation (using Eq. (58):

& = —curl UP = —curl (a x V) & dij = — (Vi) 5, + (V)

@ Boundary conditions should allow for outflow from dislocations. If n is the
outward normal to the boundary S, the dislocation flux is defined by 43/56



Dislocation density transport equation (Burgers vector
conservation) - Large strains

@ Using Nanson's formula (transport of a surface element) in Eq.
(63):
ndS = JF~TNdS, (65)

@ Velocity gradient tensor:
L=F F! (66)
@ Continuity equation (conservation of mass):
p+ pdiv(v) =0 (67)

with div(v) = tr(L)
@ We can prove the transport equation in finite strain.

Dislocation density transport equation in finite strain:

& +div(via — a- LT = —curl U? = —curl (a x V) (68)
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Dislocation transport: one-dimensional example

@ The one-dimensional (1D) version of the transport equation can be
derived from Eq. (58) by considering only edge dislocations a2
(Djaka et al., 2015). Thus, we have:

Yo — — — gz
Q12 = — (1201) 4 V0 s (a12) ;- (69)
@ This equation can also be written in the following simplified form:

A (6%
=~ (@), = —tosgn(a)a (70)

with a2 = « and the sign function sgn(a) is defined by:

1 if a>0
sgn(a) =40 if a=0 (71)
-1 if a<O.

@ Physical phenomena such as dislocation propagation and
annihilation of two dislocations of opposite signs, in particular, two
dislocation densities defined opposite signs with a behavior like

waves that form a shock.
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Dislocation transport: one-dimensional example

(annihilation)
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Thermodynamics: Dissipation

@ The plasticity of crystalline materials is an irreversible phenomenon,
and dislocations are the physical entities through which this
irreversibility manifests

@ The constitutive equation for V is based on the expression of the
mechanical dissipation rate D with the requirement to be positive,
ie. D>0

@ Neglecting inertia effects and body forces, D is considered to be the
difference between the power of the applied forces and the
derivative of the Helmholtz free deformation energy :

D:Pcwt—éz/ a.n-udS—/q'sdv (72)
oV 1%

where n is the outward unit normal vector to the boundary surface
aVv.

@ In Eq. (72), the time-derivative of the Helmholtz free energy density
q5 is given by:

gﬁ:aee:ée:a:ée (73)
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Driving force: FDM-based thermodynamic PK force

@ Using the divergence theorem together in Eq. (72) (and the
symmetries of elastic stiffness tensor), the dissipation rate D yields:

D:/U;Updvzo (74)
v
@ Using Eq. (58), the dissipation rate D becomes:

D= / (axV)dV >0 (75)

@ The last expression is simplified by rearranging it using Levi-Civita
symbol X:

D:/X:(a-a)-VdV:/Fa-Vdvzo (76)
1% 1%

F is the Peach-Koehler (PK) thermodynamic driving force for GND

motion defined as:

F*=X:(0-a) (77)

= F“ is the thermodynamic conjugate of V. 48 /56



Constitutive equation for thermodynamic PK force

@ The definition of the polarized dislocation velocity V is based on
thermodynamic considerations regarding the dissipation rate D,
which is positive (Eq. (76)):

F*-V >0 (78)

@ Plastic flow incompressibility due to dislocation glide:

UP = eimairVi =0 = dV; =0 where d; = epmni@mn (79)

@ To satisfy these conditions adequately, the dislocation velocity V
can be defined as follows:

v_ &

|g|

where g and V represent, respectively, the glide force parallel to V
and the average magnitude of the velocity V of the dislocations.
@ The glide force g is then defined as:

d d
g =F" — (FY) < 81
dl) T (81)

@ Finally, V is constitutively defined using experimental results. 49/56

V where V > 0, (80)



Phenomenological Mesoscale FDM (PMFDM)

@ We follow Acharya and Roy (2006)

@ The classification of dislocations into geometrically necessary
dislocations (GNDs) (Ashby, 1970) and statistically stored
dislocations (SSDs) (zero net Burgers vector) depends heavily on
the resolution scale.

@ At sufficiently fine resolution scale, all dislocations are GNDs.
However, at a sufficiently large (mesoscopic) resolution scale, the
presence of SSDs becomes significant. SSDs contribute only to the
overall plastic flow and not to long-range internal stresses.

@ Figure shows the scale dependence of polarized dislocation densities
and the rate of plastic strain. 50/56
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Coarse graining procedure in PMFDM

@ Using an averaging procedure utilized in the study of multiphase
flows, Acharya and Roy (2006), they derived the averaged plastic
distortion rate at the mesoscale as:

U =axV+Lr (82)
with plastic distortion rate due to SSDs:
I?’=(a—a)xV=axV-axV (83)

and transport equation:
@ = —curl (axV+ Lp) (84)
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Field equations of FDM and PMFDM: a summary

@ The field equations of FDM (small ® Field equations of PMFI.DM (small
. . ) defrmation) are summarized here:
defrmation) are summarized here:

a = curl Ut a= curlﬁi‘

divU** = 0 div0“" =0

div (Vz) =div (a x V) div (Vz) = div (a x V+ L")
div [C: (Viu—2)+ U] =0 aiv [c: (V-2 + 0] =0
& = —curl U

@ = —curl (@ x V+LP)
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