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Plasticity foundations: Introduction to dislocations

@ Dislocations are responsible for plastic deformation in crystals
(e.g. metals, ceramics, rocks..) and understanding their
behavior is important in numerous applications (metal
forming, aeronautics, semi-conductors ...)

e Crystals are not perfect but contain defects (dislocations ...)
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@ Dislocations also play an important role in fracture, due to
their interactions with cracks (e.g. in ductile materials, a
crack tip can nucleate many dislocations shielding and
blunting the crack tip).
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Introduction to dislocations

e Volterra (1907) (Italian Mathematician) mathematically
introduced dislocation as crystal line translational defect and
rotational defects known as disclinations (see Lecture 3)
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Introduction to dislocations

@ Dislocations are at the origin of crystal plasticity

Courbures de
réseau
& (GND)

? ' Gradient de
" désorientation
| aux abords du
| joint

Désorientations intra-granulaires induites par la plasticité cristalline contrainte par
les joints de grains (microplasticité sur du Ni polycristalln en traction; grain avec
glissement simple prédominant) (Thése C. Perrin, Univ. Lorraine, LEM3, 2010)

C. Perrin, S. Berbenni, H. Vehoff, M. Berveiller. Acta Mater., 58 :4639-4649, 2010.
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Introduction to dislocations

e From Volterra's dislocation to plasticity (slip, yield stress, ...)

Volterra’s single dislocation Edge dislocation in a crystal

Burgers vector: b
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— dislocation s U
Burgers circuit

| :5;(1‘) =bhn;0(S). ‘

y—C
V. Volterra’s description (Ann. Sci. Ec. 1 V3 1 1
Norm. Sup. Paris 24, 401-517, 1907) bee: b= _(111),b=""a; fec: b= _(110).b=—=a
= = = \24
«Discrete to continuum » transition: average
« macroscopic » shear (at the origin of collective 3-stage hardening response in f.c.c.
plastic strain in continuum-based plasticity) crystals (oriented for initial single slip)

Tiba et al., Acta Materialia (2015) ™A
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Introduction to dislocations

@ Dislocation pile-ups

Micrographies MET d’un acier inoxydable 310 apres une déformation montrant la transmission
des dislocations du grain 1 au grain 2 au travers du joint de grains. Transmission directe et totale
(a) et transmission partielle (b) en créant des dislocations résiduelles au joint de grains. Les
systemes incidents et transmis sont désignés, par A et B dans (a), et inversement dans (b)

T.C. Lee, LM. Robertson, H.K. Birnbaum. Philos. Mag. A, 62 :131-153, 1990.
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Introduction to dislocations

@ Grain boundaries as dislocation arrays
Joint de flexion (dislocations coins)

Joint de torsion (dislocations vis)
(Ex: 2 grains avec axe de désorientatin [001])

(b)

— T
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Introduction to dislocations

o Classic linear elasticity theory and Volterra's dislocation = an
infinite stress at dislocation core (singular solution scaling
with 1/7, where 7 is the distance from the dislocation), while
the long range stress is correct = Towards continuum-based
method for dislocation core spreading (strain gradient
elasticity)
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QOutline

@ Basic equations of the classic linear elasticity

© Elastic Green's function

e Eigenstrain problems: application to dislocation theory in
anisotropic and isotropic homogeneous media

@ Fourier transform -based solution method in anisotropic media

@ Stroh formalism for straight dislocations in anisotropic media
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Classic elasticity: Review

10/52



Elasticity: Review
000000000

Notations

@ In this lecture, we shall use Cartesian (rectangular) coordinates
for the presentation of the linear elasticity theory for defects

@ A bold symbol denotes a tensor or a vector. Explicit indicial
notations using Einstein’s summation convention will be used.

@ For example: the tensor A - B, with rectangular Cartesian
components A;; By, results from the dot product of tensors A and
B, and A ® B is their tensorial product, with components A;; By;.
The vector A -V, with rectangular Cartesian components A;;V},
results from the dot product of tensor A and vector V. A "
represents the trace inner product of the two second order tensors
A : B = A;;B;j, in rectangular Cartesian components, or the
product of a higher order tensor with a second order tensor, e.g.,
A:B = A, By.

@ The cross product of a second-order tensor A and a vector V, the
div and curl operations for second-order tensors are defined row by
row, in analogy with the vectorial case
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Notations

@ For any base vector e; of the reference frame:

(AxV).e = (Al e)xV
(div A)'-e; = div(A'-e)
(curl A)'-e; = curl(A’-e;).
@ In rectangular Cartesian components:
(AxV); = ernduV
(divA), = A
(curlA);; = ejpdur = —(grad A : X);;

where e is a component of the third-order alternating Levi-Civita
tensor and the spatial derivative with respect to a Cartesian
coordinate is indicated by a comma followed by the component
index.
@ For any vector or tensor a, a(€) denotes the Fourier transform (or
FFT) of a(x), where & denotes the position vector in real space and
& denotes the associated Fourier vector.
12/52



Elasticity: Review
[e]e]e] leleleele)

Displacement vector

Definition of displacement vector u or u; (index notation):

Initial configuration = Current configuration =
(undeformed, t=0) transport of X )
(deformed, at time t#0)
Ve A%

Transformation between t=0 and t: x=®(X,t)
Displacement vector (time dependent):

uX,t)=x-X
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Elasticity: Review
[e]e]e]e] Telelele)

Strain and rotation tensors (small deformation)

@ In linear elasticity (see e.g. Sadd (2009)), small perturbation
hypothesis is used (small deformation)

Strain tensor € or ¢;; (index notation) (change of area):

Eij = (um + uy, i) (2)

Rotation tensor w or w;; (index notation):

Wij =

5 (Uig = u54) (3)

Displacement gradient (distortion) tensor U = Vu or U;; = u; ; (index

notation):

Uij = uij = €ij + wij (4)
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Strain compatibility

Saint-Venant strain compatibility equations for strain (6 relations in 3D,

1 relation in 2D):

Im@(5) = U = Epn@ami@imn = U (5)
® | ®
® | ®
(a) Discretized Elastic Solid (b) Undeformed Configuration
O | ® @
@ | ® ® 1 e
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Cauchy stress tensor and balance equations (under static
conditions)

Stress tensor o measures the traction force across an internal

surface S inside the body. From Cauchy's rule (tetrahedron):

ti = ojn; (6)

where ¢; is the stress (traction) vector and n; is the unit surface normal.

Balance of linear momentum (static form) for any applied surface traction
T?, or any applied displacement u{ on the external surface of the body:

ojij+fi=0 (7)

where f; is a body force density vector (proof using Gauss's theorem).

Balance of angular momentum:

CimnOnm = 0 & Oj; = 0jj (8)

(proof using Gauss's theorem and balance of linear momentum).
16 /52



Elasticity: Review
000000080

Generalized Hooke's law

Stress-strain constitutive law: Generalized Hooke's law

gi; = Cijki€ri 9)

where Cjjy; is the elastic stiffness tensor with minor and major
symmetries Cijkl = Cijlk = Cjikl = Oklij-

Inverse of this equation: Strain-Stress constitutive law

€ij = SijkiOkl (10)

where S;;i; is the elastic compliance tensor with minor and major
symmetries with C;xi Skimn = % (0imOjn + 0indjm).

Isotropic elasticity (with two Lamé moduli: A and p: shear modulus)

05 = Aeulij + 2ueq; (11)
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Summary of equations for an elastic body (volume V, surface 5)

ti = o;jn; (stress vector, stress tensor definition) in V'
oij; + fi = 0 (stress equilibrium) in V'

oij = 0j; (symmetry of Cauchy stress tensor) in V'

eij = 3 (uij + uj;;) (strain/displacement relationship) in V/

epmk€qnj€jk,mn = 0 (strain compatibility) in V'

0ij = Cijrier (generalized Hooke's law) in V

] = Equilibrium equation in 3D elasticity in terms of displacement (Navier
equation):

Cijritgg; + fi =0 (12)

with o;;n; = t? on S; (traction boundary condition) and u; = u?
on S, (displacement boundary condition), with S =5, U S,,.

@ This is the Navier equation for an anisotropic homogeneous medium
(3 unknowns, 3 equations)
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Elastic Green's tensor
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Green's function method

@ Displacement solution ug(x) = Ggm (%, %) Fy,(x') in response to a
point force F,,,(x’) for homogeneous elastic medium:
fi(x) = dimd(x — x')F,,(x), where §;,,, is the Kronecker delta
tensor and §(x — x’) is the three-dimensional Dirac delta function
which is zero everywhere, except at point x = x’

@ From Navier equation (elliptic PDE) and eliminating F,,,(x'):

Elastic Green's tensor is defined by:

CijkiGrm,ij (%, %) + 8imd(x —x') =0
Grm(x,x') =0 on S, (13)
CijkiGrm,1(x,x")n; =0 on S

@ Symmetry of elastic Green's tensor G:
Grm(%,X') = Gmp (%', %) = Gruk(x,x') (using Betti's reciprocal theorem).
@ Infinite medium (invariance with translation): G (x,%x') = Grm(x — x').

Displacement solution (unbounded infinite medium):

wi(x) = / Gij(x — x') f5(x') AV (14)
\%




Calculation of Green's function from Fourier transforms

@ The Green's function is calculated with the Fourier Transform.
In the Fourier space, let £ be the Fourier vector of magnitude
& = /€ - € and components &; in a cartesian coordinate
system in a general three-dimensional setting. The complex
imaginary number is denoted i and defined as i = /—1.

Let ug (&) be the Fourier transform of the displacement:

uR(€) = / up(x)e e x dV (15)
1%
@ Conversely, the inverse Fourier transform is defined as:
1
_ +ig-x
uy(x) = 87T3/Uk(§) dVe
Ve

@ The inverse Fourier transform yields the three-dimensional
Dirac delta function as §(x) = gky [ e™€*dV.
Vg 21/52



Calculation of Green's from Fourier transforms

@ The Fourier transform of Eq. (13) yields:
CiitiGrom (€)&E; = Gim

The anisotropic elastic acoustic tensor is defined as:

Egnl&) = Clyils (16)
@ Then, the Green's tensor is given in Fourier space:
~ K(¢ ;1

where ¢ = £/€.
@ The inverse Fourier transform yields:
1 / (K(¢)y'

=5a) e e

Gij(x)
Ve
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Green's function
[ee]ele] Tele]

Calculation of Green's from Fourier transforms

+oo w 27 1
K S
Gm(X)z#///%e*"ﬁ““%?smwed(ﬁdg
0O 0 O
@ Then: ,
.7
Gij(x) = ﬁ//(K(C));jlé(xcosqﬁ) sin ¢ dO do
00

. Ao _
since Of etiéreosd e = 1 [ etiwcosd ge — n6(z cos ¢)
—oo
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Green's function
0O0000e0

Calculation of Green's from Fourier transforms

@ Using a transformation of variables u = cos ¢ (then du = — sin ¢) and using the
formula: é(au) = %6(u) (with a = z) yields:

—127 1 2w

" s // O s avdu = [ [ (<€) 6w dodu
10

1
@ Then, using 7f1 Fw)d(u) du = flu=o yields Gij(x) = =~ [ (K({));1 u—

Gij(x)




Calculation of Green's from Fourier transforms in isotropic
elasticity

@ Isotropic elastic stiffness tensor: Cjjr = Ai;j0ki + p(0indji + :0jk)
@ Acoustic tensor: K(¢)i; = (A + p)(iCj + pudi; =

(K5 = (8 - M@@)

@ Using: (; = a;cosf + B;sin@ in the plane x- ¢ =0 and
0 = a5 + BB + tit; with x; = xt;, the analytical integration is
straightforward.

@ Using A = 2’“’ such that: /\’\%Q‘L = ﬁ we find:

1

1
Gij(x) = St <6in,k-k - 2(1—1/)R’ij)

Expression of the isotropic elastic Green's tensor:

Gii(x) = ! = (- a6+ Z50) (18)

16mu(l — v R?

using R =z = \/z;x;; R; = %; Ry = E; Ri; = TR
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Eigenstrains:
Application to dislocation theory
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Equations for an elastic body with eigenstrains

@ Field equations in a body of volume V' with eigenstrain field (plastic
strain) €, or plastic distortion field U,:

Gij,j = 0 Wlth Uij = Uji
1 .
€ij = 5 (Ui +uji) With €pmieqn;€jimn =0
_ _ e 4
Uij = uij = Ug; + Uy

0ij = Cijri(er — ehy) with Cijrr = Cjirt = Clan = Chruij

= Equilibrium equation in 3D elasticity with eigendistortion (Navier

equation):

Cijrur,ij — CijuUp ; = 0 € Cijugg; + f7 =0 (19)

with tY =0 on S; and u) = 0 on S,,. This is the Navier equation
for an anisotropic homogeneous elastic medium medium with
eigenstrains (or eigendistortions) given by fictive body force density
[ ==CijuUp ;-
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Solution of eigenstrain problems from Green's function

@ Displacement solution (unbounded infinite medium):

Um (X) = /Gmi (X - X/)fL* (X/) av’
1%
- / Gmi(x - X/)CijklU;fw (X/) dv’
N /Gmi i (x = X)CijuUf (x) dV’

/ Gimig(x =X ) CigaUfy (') AV

Displacement solution (unbounded infinite medium) (Mura, 1987):

um(x) = — / Oijlemi,j (X — x')U,fl(x') dV/ (20)

Vv 28 /52



Eigenstrains
0008000000000

Dislocation loop (Volterra)

@ Let us consider a dislocation loop L in the three-dimensional space
formed by a cut in the material over a surface S bounded by L (see
Figure). For the sign convention, one has chosen following Mura
(1987) the line direction vector v and the positive sense of the
Burgers circuit C (closed curve encircling the dislocation line) to
respect the right-hand rule.

@ Now, the displacements are constructed by displacing the upper side
of surface S (denoted S™ by Burgers vector b with respect to the
lower side of surface S (denoted S~) and then gluing them together.

The Burgers vector b is defined as such displacement discontinuity:




Eigenstrains
0000800000000

Dislocation loop (Volterra)

@ The plastic distortion denoted Ui’; is caused by the slip b; of plane
ST whose normal vector towards plane S~ is n;. Thus, the
expression of the plastic distortion induced by the dislocation loop L

for any position vector x is singular on the surface S (Volterra,
1907)

The expression of U}, reads according to Kosevich (1979); Mura (1987):

Ufi(x) = —bin;é(S — x), (22)

where §(S — x) is a shorthand notation for the one-dimensional Dirac delta
function in the direction n, i.e. infinite when x is on S and zero elsewhere

6(S—x) = gé(x —x')dS(x).
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Eigenstrains
0000080000000

From Volterra dislocation to single crystal macroscopic
plasticity - Orowan law

@ Consider a crystal of volume V with 1 slip system (s)

@ Each slip system is defined by 2 unit vectors: m(®)
(glide direction unit vector), n(*) (unit normal vector
to slip plane) where b(*) = bm(*) (Burgers vector of
dislocations)

e b9 o From Volterra loop, U, (x) = —bg‘“)ng.s)&(s(s) - x),

m® averaging in the crystal yields: Uiz = %fv Ufj (x)dV.
@ Then: Uif'; :W(S)mgs)ng_s)’ with 7<5> _ bS(s) and
S(s) = —% [y (8¢ —x)dv
50 2 B oo (23)
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Phase field model for dislocations vs. Volterra's description

@ Plastic distortion tensor in phase field models for dislocations:

b<(5>(x) s) (s
Ufj(x) == mE )ng- )
@ Description with platelet inclusion of thickness d with smooth

eigenstrain using dislocation phase field ¢(*)(x) (Figure).

@ In the limit d — 0, Volterra's description is retrieved (see e.g.
Rodney, Le Bouar and Finel, Acta Materialia 51, pp. 17-30, 2003).
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Volterra equation for displacement field in homogeneous
anisotropic media

@ Introducing the eigendistorsion of the loop in Eq. (20) yields:
U (X) = /C’ijlemiﬁj(x —x")brn8(S —x')dV’
%

@ Using: [d(S—x)dV’' = f dS yields:
v

Volterra equation:

Uy (%) = /Cijklkami,j (x —x")n;dS’ (24)
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Mura-Willis equation for stress field in anisotropic media

@ The elastic (lattice) distortion tensor U, for a Volterra's dislocation
loop is given by US,,, = umn — UE,,. Using Eqgs. (24) and (22)
yields:

Ufnn(x) = /Cijklkami,jn(X - X/)nl s’ — bmnné(S — X)
S

= /Cijklkami,jn(x—x’)nl ds'’ —/5(x—x’)bmnn dS(x")
s 5

@ Using Stokes theorem yields:

US (x) = j{ejnthqmnka,q(x — X )b dL’ (25)
L

Mura-Willis equation is given from Hooke's law:

Oij (X) = Cijkl felnhcpqmnGip,q (X - X/)bmljl dr’
L
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Eigenstrains
0000000008000

Elastic energy of dislocations

@ Self-energy of a dislocation loop and mutual interaction of two
dislocation loops: Consider a material With 2 dislocations named A

and B creating stress tensors o} ;j and 07 and elastic strain tensors
e,A e, B

g;; and €

° Superposmon principle in linear elasticity yields: o;; = 0{3 +05 and

e _ €A e,B
€ij =Cij TE&;

Elastic strain energy E:

1
E:Q/cr”(x) - (x)dV = E5A 1+ BSB 4 BT, (26)
\%4
where FS:4 = 1 fcr” (x)dV and ESB = %fa?(x) o B(x)dV are

v
self-energies of Ioops A and B, and E! is the interaction energy between loops:

fo'” x) EZB (x)dV = fag(x)s;’.A(x) dV (using Cijiki = Chuij)-
14
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General expression for elastic energy

@ Consider no applied traction or displacement from external loading,
using the divergence theorem, the elastic energy E writes:

1

E= 3 /crij(x)efj(x) dVv = f% /aij(x)UZ(x) dv

\4 \4

@ Considering a Volterra dislocation loop L with boundary of slip
plane S, the plastic distortion induced by slip b on S reads
Ug dV = —b;n; dS for infinitesimal volume dV'.

Final expression for E as surface integral:

1
E = i/O'ijbile ds (27)
S

@ The general formulation for self-energy of a dislocation loop is
obtained by using Eq. (27) together with Mura-Willis equation for
the stress field of a dislocation loop, see previous Eq. (34).
@ For single screw and edge dislocations, the expressions of self-energy
can be found in Hirth and Lothe (1982). 3652



Application to isotropic elasticity

@ From the Green's function in homogeneous isotropic elasticity (Eq.
18) together with the Stokes' theorem (see de Wit (1960) for
derivations):

The so-called Burgers formula (good practice exercise):

0 bm©Q 1 [ emubidL, 1 A4p (}'{ ekmbnRidch) (28)
U X)=—— — — _—

" 4T Ax R 47 A+ 2 R o

L L

with : solid angle at x by surface S, R; = x; — x},, R = VR;R;.

Interaction energy between loops L and L’ (Blin (1955)'s formula):

Bl — 7&%% eijkbibg-eklmdleL;n N uj{]{blb;dleL;
2 R AT R
L L’ L L'

o (29)

/ /
* Arl—v f%ekilbiR’kmemjnbjdleLn
L L'
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Peach-Koehler force on dislocation (driving force)

@ Virtual displacement dr of a dislocation loop A

of line vector 4, such that or-v4 = 0. The
change of energy is: 6E=— § f;(x)dr;(x)dL(x),
Ly

where f is a line force (per unit length) on L4
@ Suppose only two dislocations A and B, the
interaction energy is given by
£ A
:‘[o'g(x (x)dV = f o” x) Ab;‘dS(x)

@ Following the virtual dlsplacement (see figure):
§(nA dS) = ér x VA dL and
SE =6E; = § 0” x)b’ A e imn 0Tm (X) V2 (x) dL(x)

PK force expression (on dislocation loop A) due to B:

fm (%) = emino5 (x)bi v < f= (0 -b) x v (30)

@ The Peach and Koehler (1950) force is used in
DDD codes to make evolve dislocations during

plasticity (see M. Fivel's lecture) 38 /52



Fourier transform (FT) method
Calculation examples
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Solution of eigenstrain problems from Fourier transform
(FT) method (Mura)

@ Navier equation in elasticity with eigendistortion:

Cijrur,ij — CijiaUyp ; = 0 & Cijrug; + f7 =0 (31)

Fourier Transform of Navier equation yields:

—Cijm&€un (&) +i&;CiimUr, = 0 & K (€)ur(€) = fF (&)  (32)

where K;i,(§) = Cij1i&i&; is the elastic acoustic tensor associated to
anisotropic elastic medium and f; (&) = i&;Cy;i U}, is the FT of f7.

Displacement solution in Fourier space u (&) is obtained by inverting the

last equation:

Ui(€) = Gi; (6) F1 () (33)

where CNJU(E) = f(l_jl(é) is the Fourier transform of the elastic
Green function G;;(x) earlier defined in Eq. (13).
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Fourier method
[e]e] lele]ele]

Field solutions in isotropic elasticity

Expressions for isotropic elastic properties:

Ty L (0 1 ik
clS=7 (52 2(1-v) ¢ )

U@

. - (34)
710 = —izut; (U 0) +

Field solutions in isotropic elasticity by inverse FT transforms:

—i (5ik€j 1 &k

uk(x) = - ) (Eg(ﬁ) + ﬁéijlffg(ﬁ)) etigx dVe

s 2  21-v) &
Ve
1 diré;€ 1 &&&&N (5 v =
Uk (x) = e ( 2; L 50 =) 24k l) (Uipj(ﬁ) + E‘sijqu(ﬁ))
Ve
x eti€x dVg
1
gij(x) = 5 (Uij(x) + Ujs(x))

2

50 = 20 (13) = 8,0 +

G REA )

=2 ~ #1/52



Application 1: Infinite straight screw dislocation

@ Non-zero plastic distortion from Eq. (22):
UL,y (x) = b6(z2)H(—x1) where H(z) is the 1D
Heaviside function and d(x) is the 1D delta Dirac
function: good practice exercise, see solutions in Mura
(1987)" book.

b 6(8s)
(2m)? &
@ Displacements (from Egs. (35)):

@ Fourier transform: @(5) =-

ul(x) = UQ(X) = 0
bo

us(x) = %tan_l(ajg/xl) =5

@ Non zero stresses (see Eq. (35)):

pb a2
o13(x) = Coma? 4 a2
pb 1y
o23(X) = %x%—kx%
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Fourier method
[e]e]e]e] lele]

03/ p: analytical o013/ u: analytical

15 15
06 I 06
10 0.4 10 0.4
5 0.2 5 0.2
Q Q
< 0 0 20 0
5 0.2 5 0.2
-0.4 0.4
-10 -10
06 -0.6
-15 -15
-15  -10 -5 0 5 10 15 -15  -10 -5 0 5 10 15
X1/b X1/b
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Application 2: Infinite straight edge dislocation

@ Non-zero plastic distortion from Eq. (22):
UV, (x) = b6(z2)H(—z1) (see Mura (1987))
b 6(8s)
(2m)? &
@ Non-zero displacements (see Egs. (35)):

@ Fourier transform: Eg(g) =—

b T1x9

b _
ul(x):—tan 1($2/$1)+7 3 5
27 dn(1 —v) xf + 3
b x% —m%

8m(l—v) 23 + 232

. b(1—-2v)
B 8m(1l —v)

In (:E% + z%) +

@ Non zero stresses (see Eq. (35)) (with
033 = v(o11 + 022) in plane strain):

pb  w2(3z3 + 23)
C2r(1—v) (22 4+42)2
pb  wo(2f — a3)
I =) (2 + D)2
_ b z1(2? — 22)
S —10) @1eD? wm

o11(x) =

o22(x) =

o12(x) = 021 (%)



Fourier method
000000e

o/ u: analytical 0o/ i analytical

10 06
06
0.4 04
0.2 0.2
0 0
0.2 0.2
-5 -0.4 0.4
-10
0.6
06
-10

-10 5 0 5 10 5 10 -5 0 5 10 15
x1/b x1/b

Xo/b
Xo/b

o1,/ p: analytical

0.6 0.8
04 08
04
02
02
gv 0 0
02
02
0.4
10 04 06
06 08
15
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Stroh formalism and example
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Eshelby-Stroh-Leknitskii formalism in anisotropic elasticity:
two-dimensional solutions

@ From equilibrium equation (Navier equation, see Eq. (12) without
body force f; = 0): Cijriur,; =0

@ Consider displacement vector in 2D: ug(x1, z2) yields:
Cigrug,11 + (Ciigz + Cizgr )ug,11uk,12 + Cizgaug,20 = 0 (sum on k)

@ Solution in the form of: u; = ax f(z) with z = 1 + pxo then
Navier's equation becomes:
(Citrr + p(Cianz + Ciz) + p*Cionz) ax = 0

@ Non-trivial solution (sextic equation in p, 3 pairs of complex
conjugates): det(CﬂEl + p(CﬂEQ + Cigﬁl) +p20i2ﬁ2) =0

General displacement solution ((Eshelby et al. (1953), Stroh (1958) and

Leknitskii (1963), see also: Ting (1996), Hwu (2010)):

3

Jj=1

where A is a 3 x 3 matrix containing eigenvector components ajq,
and z, = x1 + par2 with eigenvalues p, a7/52



Application to single straight dislocations in homogeneous
anisotropic media

@ Definition of Burgers vector (see Eq. (21)):
b, = fdui where C' is the Burgers circuit

c
encircling the dislocation (with line vector || z3).

Then, for any position z; = 1 + p;x2 in the

\\ / plane, the vector functioh i (for hbmogeneous

medium 0) yields:

" om i“ﬁ ) £2(2) = QIn(zi — ;) 37)

=1 with s; = X1 + p; X2 (dislocation position in the plane)
q? is a complex vector given by:

J.D. Eshelby, Acta Metall 1, (1953)
A. N. Stroh, Philos Mag 3 (1958)
Z. Suo, Proc R Soc Lond A 427 (1990)

At .
q° = —|EBTb with B;; = (Ciak1 + p; Ciok2) Akj
(38)
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Stroh formalism
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Application to single straight dislocations in bi-crystals

In the case of a bi-crystal (I + II), for position

zj = o1 + pjx2 in the plane, the vector

x1 c X (%, %) function f yields:

hi
A —— fon < [+ 1) >0
: o i\Zi) = fII( ) if z2 <0

M.O. Tucker, Philos Mag 19 (1969)
VK. Tewary et al., . ) Mater Res. 4 (1989)

Z. Suo, Proc R Soc Lond A 427 (1990) 0 R H
Tt e Q) Mech el Math 45 (1996) where fj (z;) is the homogeneous solution.

The expressions for f!(z;) and f/!(z;) are:

Interface condition for

perfect bonded interface s —TTT=
(displacement and £ (z3) = Vi fR(z5) (39)
traction continuities) are ¥ (z) = W]'Iéllfﬁ(zj)

applied: w!(z2 =0%) =
ull(z2 =07) and ok, (z2 =

0+)_U{[(I2:0_) with:

VLI _ (BIIAII—IF _ ﬁ)ﬂ (BI _ BIIAII—lAI)
WL — (W AIT _ Bn>—1 (W AT _ B;)
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Effect of elastic anisotropy on pressure field in Ag

@ Case of silver (Ag) (misorientation of 40 deg. for bicrystal)

Homogeneous iso. Homogeneous aniso. Heterogeneous aniso.

130, (GPa) 13 0, (GPa) . 13 o, (GPa)

Position of the interface

@ Calculations performed in the PhD thesis of J. Petrazoller (Univ.
Lorraine, 2025)

@ See also PhD thesis of X. Chen (Univ. Lorraine, 2020)
(https://github.com/AniPlas).
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